Abstract. We define generalized Mellin transforms of mixed cusp forms, show its convergence, and prove that the function obtained by such a Mellin transform of a mixed cusp form satisfies a certain functional equation. We also prove that a mixed cusp form can be identified with a holomorphic form of the highest degree on an elliptic variety.
Introduction
Given nonnegative integers l and m, mixed cusp forms of type (l, m) for a discrete subgroup Γ ⊂ SL(2, R) are defined using automorphy factors of the form J (γ, z) l J(χ(γ), ω(z)) m , where J(γ, z) = cz + d for γ = ( a b c d ) ∈ Γ and ω is a map of the the Poincaré upper half plane that is equivariant with respect to a homomorphism χ : Γ → SL (2, R) . Families of abelian varieties parametrized by an arithmetic variety play an important role in the theory of automorphic forms (see e.g. [?] ). An elliptic variety is one of such families of abelian varieties, and it is a fiber variety over a compact Riemann surface whose generic fiber is isomorphic to the product of a finite number of elliptic curves. It is known that mixed cusp forms of type (2, m) can be interpreted as holomorphic forms of the highest degree on a certain type of elliptic variety (cf. A classical automorphic form for a discrete subgroup of SL(2, R) has a Fourier expansion of the form ∞ n=0 a n e 2πinz/h at each cusp for some positive real number h, and is called a cusp form if a 0 = 0 for all cusps. To each cusp form f (z) we associate the Dirichlet series
where a n 's are the Fourier coefficients of f (z) at the cusp infinity. If f (z) is a cusp form for the group
then it is well-known that its Mellin transform In this paper we construct a certain type of elliptic varieties and prove that the space of holomorphic forms of the highest degree on such an elliptic variety is isomorphic to the space of mixed cusp forms of type (l, m) for some l ≥ 2 (Theorem ??). We then introduce a generalized Mellin transform L(s, f ) . For the proofs of these theorems we use the fact that a mixed cusp form f (z) of type (l, m) associated to Γ, ω and χ can be written as a linear combination of functions of the form f 1 (z)f 2 (ω(z)), where f 1 is a cusp form of weight l for Γ and f 2 is a cusp form of weight m for χ(Γ) (Proposition ??).
Mixed automorphic forms
Let Γ ⊂ SL(2, R) be a Fuchsian group of the first kind, and let χ : Γ → SL(2, R) a homomorphism of groups. Thus both Γ and the image χ(Γ) of Γ under χ operate on the Poincaré upper half plane H = {z ∈ C | Im z > 0} by linear fractional transformations. Let ω : H → H be a Γ-equivariant holomorphic map, i.e., a holomorphic map that satisfies ω(gz) = χ(g)ω(z) for all g ∈ Γ and z ∈ H. We assume that the image of a parabolic element of Γ under χ is a parabolic element in χ(Γ). Given a cusp s of Γ we set
and let ∆ be the union ∆ s of ∆ s for all cusps s of Γ. We assume that the homomorphism χ can be extended to a mapping χ : Γ ∪ ∆ → SL (2, R) .
Given a pair of nonnegative even integers l and m, we set
Let s be a cusp of Γ, and let σ be an element of SL(2, R) such that σ(∞) = s. We set 
(ii) The Fourier coefficients a n of f at each cusp s satisfy the condition that n ≥ 0 whenever a n = 0.
The holomorphic function f is a mixed cusp form if (ii) is replaced with the following condition:
(ii) The Fourier coefficients a n of f at each cusp s satisfy the condition that n > 0 whenever a n = 0.
We shall denote by S l,m (Γ, ω, χ) the space of mixed cusp forms of type (l, m) associated to Γ, ω and χ. Remark 2.2. If S k (Γ) denotes the space of cusp forms of weight k for Γ, then we have Now we discuss the interpretation of mixed cusp forms in terms of line bundles which will be used in Section ?? to prove the convergence of Mellin transforms. Let Γ ⊂ SL(2, R), ω : H → H and χ : Γ → SL(2, R) be as above, and let Σ be the the set of cusps of Γ. Let 
where σ is an element of SL(2, R) with s = σ∞ and j : H → H * is the inclusion map. Let F H * be the subsheaf of the tensor product O H * ⊗ C 2 of O H * and the constant sheaf C 2 generated by the global section ( Let Γ = χ(Γ) be the image of Γ under χ, and let Σ be the set of cusps of Γ . Then for each nonnegative integer n we can define the sheaf F n Γ over the Riemann surface X Γ = Γ \(H∪Σ ) whose sections are cusp forms of weight n for Γ . Let ω X : X Γ → X Γ be the morphism of complex algebraic curves induced by the holomorphic map ω : H → H. Proposition 2.4. The space S l,m (Γ, ω, χ) of mixed cusp forms associated to Γ, ω and χ is canonically isomorphic to the space
Proof. This proposition is an extension of Theorem 
, and therefore has the same transformation property as the one for an element in S l,m (Γ, ω, χ). Now the proposition follows from the fact that the Γ-cusps and Γ -cusps correspond via ω and χ, since χ maps parabolic elements to parabolic elements.
Elliptic varieties
In this section we describe the interpretation of mixed cusp forms as holomorphic forms on certain families of abelian varieties. Let E be an elliptic surface in the sense of Kodaira [?] . Thus E is a compact smooth surface over C, and it is the total space of an elliptic fibration π : E → X over a Riemann surface X whose generic fiber is an elliptic curve. Let E 0 be the union of the regular fibers of π, and let Γ ⊂ P SL(2, R) be the fundamental group of X 0 = π(E 0 ). Then Γ acts on the universal covering space H of X 0 by linear fractional transformations, and we have X = Γ\H ∪ {Γ-cusps}. For z ∈ X 0 , let Φ be a holomorphic 1-form on the fiber E z = π −1 (z), and choose an ordered basis {γ 1 (z), γ 2 (z)} for H 1 (E z , Z) that depends on the parameter z in a continuous manner. Consider the periods ω 1 and ω 2 of E given by
Then ω 1 /ω 2 is a many-valued function from X 0 to H which can be lifted to a single-valued function ω : H → H on the universal cover of X 0 such that
for all γ ∈ Γ and z ∈ H, where χ : Γ → SL(2, Z) is the monodromy representation of the elliptic fibration π : E → X.
In order to discuss connections of elliptic varieties with mixed cusp forms we shall regard Γ as a subgroup of SL(2, R). As in Section ?? we denote by S j+2,m (Γ, χ, ω) the space of mixed cusp forms of type (j + 2, m) associated to Γ, ω and χ. Let E(χ) (resp. E(1)) be an elliptic surface over X whose monodromy representation is χ (resp. the inclusion map), and let π(χ) : E(χ) → X (resp. π(1) : E(1) → X) be the associated elliptic fibration. We set
and denote by (E j,m χ,1 ) 0 the fiber product of j-copies of E(1) 0 and m copies of E(χ) 0 over X corresponding to the maps π(1) and π(χ), respectively. The space (E j,m χ,1 ) 0 can also be constructed as below. Consider the semidirect product Γ 1,χ Z 2j × Z 2m consisting of the triples (γ, µ, ν) in Γ × Z 2j × Z 2m whose multiplication law is defined as follows. Let 
Now we obtain the elliptic variety E
Thus it follows that f (z) satisfies the condition (i) of Definition ??, and it remains to show that f satisfies the cusp condition. Using Theorem 3.1 in [?], we see that the differential form Θ can be extended to E j,m 1,χ if and only if
where F 0 ⊂ H is a fundamental domain of Γ and I is the closed interval [0, 1] ⊂ R. Thus we have
where K is a nonzero constant. Thus the integral F Θ ∧ Θ is a nonzero constant multiple of the Petersson inner product f, f described in Proposition 2.1 in [?]; hence it is finite if and only if f satisfies the cusp condition, and the proof of the theorem is complete. 
Generalized Mellin transforms
In this section, we define an L-function given by a generalized Mellin transform of a mixed cusp form and prove that it satisfies a certain functional equation. Given any positive integer N , we set
Then we have ν
Let Γ be a discrete subgroup of SL(2, R) that contains Γ * 0 (N ), χ : Γ → SL(2, R) a homomorphism, and ω : H → H a holomorphic map satisfying ω(gz) = χ(g)ω(z) for all g ∈ Γ and z ∈ H as in §2. We assume that χ(ν N ) = ν Nχ for some positive integer N χ . Thus, in particular, we can choose ω such that it satisfies
for z ∈ H. Thus, using (??), we obtain
In particular, we have Proof. Let a = N −1/2 , and set
By Proposition ?? a mixed cusp form f (z) in S 2k,m (Γ, ω, χ) can be written as a linear combination of functions of the form
for all z ∈ H, where f 1 ∈ S 2k (Γ) and f 2 ∈ S m (Γ ). Thus we have the Fourier expansions
for some positive real numbers h and h , and hence we obtain the estimations
for y → ∞. On the other hand, since ω(iy) is contained in a vertical strip of finite width, there is a real number B > 0 such that
for all y ≥ 0. Thus it follows that the integral I 2 converges for each s ∈ C. As for the integral I 1 , using the change of variable y → 1/(N y), we obtain
On the other hand, using (??) and (??), we have
Hence we see that 
